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Abstract. The Cauchy problem for second order linear differential equation 

u"{t) + Du'{t) + Au{t) = 

in Hilbert space H with a sectorial operator A and an accretive operator D 
is studied. Sufficient conditions for exponential decay of the solutions are 
obtained. 



Many linearized equations of mechanics and mathematical physics can be re- 
duced to a linear differential equation 

(0.1) u"{t) + Du'{t) + Au{t) ^0, 

where u{t) is a vector- valued function in an appropriate (finite or infinite dimen- 
sional) Hilbert space H, D and A are linear (bounded or unbounded) operators on 
H. Properties of the differential equation (|0.1I) are closely connected with spectral 
properties of a quadric pencil 

L{X) ^ X"^ + XD + A, AeC 

which is obtained by substituting exponential functions u(t) = exp(At)x, x € H 
into (|0.ip . In many applications A is a self-adjoint positive definite operator, Z? is a 
self-adjoint positive definite or an accretive operator (see definition in section 1). In 
this case the differential equation (|0.ip and spectral properties of the related quadric 
pencil L(A) are well-studied, see [iinilZlllllISllIIllIllIllIi] and references therein. 
It was obtained a localization of the pencil's spectrum, sufficient conditions of the 
completeness of eigen- and adjoint vectors of the pencil L{X) and it was proved, that 
all solutions of (j0.1|) exponentially decay. The exponential decay means, that the 
total energy exponentially decreases and corresponding mechanical system is stable. 
In paper |16j was studied spectral properties of the pencil L{X) for a self-adjoint 
non-positive definite operator A and an accretive operator D. 

But some models of continuous mechanics are reduced to differential equation 
(|0.1[) with sectorial operator A, see [I] [SI HZ] and references therein. In this cases 
methods, developed for self-adjoint operator A, cannot be applied. 

The aim of this paper is the study of a Cauchy problem for second-order linear 
differential equation (10. ip in a Hilbert space H with initial conditions 

(0.2) w(0) = uo w'(0)=wi. 
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The shiffness operator A is assumed to be a sectorial operator, the damping operator 
D is assumed to be an accretive operator. 

By L{H' , H") denote a space of bounded operators acting from a Hilbert space 
H' to a Hilbert space H" . L{H) — L{H,H) is an algebra of bounded operators 
acting on Hilbert space H. 

1. Preliminary results 

First let us recall some definitions [H [M] . 

Definition 1.1. Linear operator B with dense domain T>{B) is called accretive if 
Re(J5a;, x) > for all x e I'(_B) and m-accretive, if the range of operator B + ujI is 
dense in H for some uj > 0. 

An accretive operator B is m-accretive iff B has not accretive extensions [l4] . 
For m-accretive operator 

piB) D {A e C : ReA < 0}. 

Definition 1.2. An accretive operator B is called sectorial or u)-accretive if for 
some w G [0, 7r/2) 

\lia{Bx, x) I < tan(w) Re(Ba;, x) a; e 11(5). 

If a sectorial operator has not sectorial extensions, then it's called m-sectorial or 
m-LO-accretive. 

The sectorial property means that the numerical range of the operator B belongs 
to a sector 

{z e C I |Imz| < tan(a;)Rez}. 

For a sectorial operator B there exist [TJ a self-adjoint non-negative operator Tb 
and a self-adjoint operator Sb G ^(H), \\Sb\\ < tan(a;) such that 

Re{Bx,x) = [T^^x^Ty^x), B c Tg^^{I + iSB)Tg^^ 

and B = Ty^{I + iSB)Tg^^ iff B is m-sectorial. 
Throughout this paper we will assume, that 

(A) Operator A : T){A) C H ^ H is m-sectorial and for some positive oq 

Re{Ax,x) > ao{x,x) xeD{A). 

Since A is m-sectorial there exist a self-adjoint positive definite operator T and a 
self-adjoint S G such that 

Re(^a;, x) = {T^/^x, T^/^x) > ao{x, x), x £ T){A) 

A = T^/^{I + iS)T^'^. 

The operator A is invertible and 

A-^ =T-^/\l + iS)-^T-^/\ 

By Hs [s G M) denote a collection of Hilbert spaces generated by a self-adjoint 
operator T^^'^: 

• for s > H, = D(T"/2) endowed with a norm ||a;||s = \\T''^'^x\\; 

• for s < i/s is a closure of H with respect to the norm || • \\s- 
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Obviously Hq = H. The operator T^/^ can be considered now as an unitary 
operator mapping Hs on Hg-i- A is a bounded operator A e L{H2^ Hq) and it can 
be extended to a bounded operator A S L{Hi, H-i). The inverse operator A~^ 
can be extended to a bounded operator A~^ G L{H-i,Hi). 

By (•, denote a duahty pairing on x Hi. Note, that for all x £ H-i 

and y G Hi we have 

{x,y)-i,i < \\x\\-i ■ bill 

and {x,y)^i_i = {x,y) if x £ H. Further, 

Re{Ax, = (Tx, = {T^/^x, T^^^x) = \\x\\l, x £ Hi = ViT^/^). 

Denote S = T^f^ST^^^ £ L{Hi,H^i). Then, for the operator A we have a repre- 
sentation A = T + iS and 

lm{Ax,x)-i^i — (S'x,x)_i,i x £ Hi. 



Also {Sx, y)-is = {Sy, x)_^ ^ for all x,y £ Hi. 
Following paper [llj we will assume 

(B) _D is a bounded operator D £ and 

/I i\ o ■ c Re{Dx,x)^i^i 

1.1 P= mf — ,, — ^ > 0. 

Operator T^^/^ is an unitary operator mapping Hg on H^^i, therefore an operator 
D' = r-V2x)r-i/2^ acting on H, is bounded. Let 

Obviously fi, L'2 e L{Hi,H_i), D = Di + iD2 and for all x £ Hi 

Re(Da;, a:)_i^i = {Dix, x)-i,i > /3||a;|p, lin{Dx, x)^i,i = {D2X,x)-i^i. 



Also {DjX,y)-i,i = {Djy,x)_^j for aU x,y £ Hi (j ^ 1,2). 

2. Main result 

Definition 2.1. A vector-valued function u{t) £ Hi is called a solution of the 
differential equation dHU]) if u'{t) £ Hi, u"{t) £ H, Du'{t) + Au{t) £ H and 

(2.1) u" {t) + Du {t) + Au{t) = Q 

If u{t) is a solution of ()2.ip . then a vector- function 



x(t) 



u'{t) 
u{t) 



(formally) satisfies a first-order differential equation 
(2.2) x'(<) = Ax(t) 

with a block operator matrix 
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From mechanical viewpoint it is most natural to consider the equation (|2.2p in an 
"energy" space 'K = H x Hi with a dense domain of the operator A [6l [71 [TTJ [16] 



2)(A) 



xi,X2 G Hi, Dxi + Ax2 G 



An inverse of A is formally defined by a block operator matrix 

/ 



A-i 

Let y = (1/1,2/2)^ G J{ = i? X i/i, then 



Since G L{H^i,Hi) and £> G L{Hi,H^i), thcni-iL* G L{Hi,Hi). Therefore 
-A~^yi - A~^Dy2 G Hi and A^^y e Hi x Hi. Moreover, 

Dxi + Ax2 ^Dy2 + A (-A-^yi - i^^I^ya) = -yi G H. 



Thus A~^y G 2)(A). Since / G L{Hi,H) the operator A^^ is bounded and 
therefore the operator A is closed and G p(A). 

Let (x, y)j<: be a natural scalar product on "K — H x Hi and ||x|||^ = (x, y)j<;. 

If operator A is self-adjoint, the spectral properties of operator A are well- 
studied: —A is an m-accretive operator in the Hilbert space "K = H x Hi (see 
[H [SI [71 [HI [ini [H] and references therein) and, consequently, A is a generator of 
a Co-semigroup. Thus, differential equation (|2.2p (and equation \2A\ ) is correctly 
solvable in the space "K for all x(0) = (ui, uq)^ G 23(A). Moreover, in this case op- 
erator A is a generator of a contraction semigroup [7]. It implies, that all solutions 
of (|2.2I) (and (12.11) ) exponentially decay, i.e. for some C, cj > 

||x(i)||M < Cexp(-tjt)||x(0)||M t > 0. 

For non-selfadjoint A operator (—A) is not longer accretive in the space K with 
respect to the standard scalar product. But, under some assumptions, one can 
define a new scalar product on J{, which is topologically equivalent to the given 
one, such that an operator (—A — ql) (for some g > 0) is m-accretive and therefore 
the operator A is a generator of a Co-semigroup on M. If g > 0, then A is a 
generator of a contraction semigroup and all solutions of (|2.2p exponentially decay. 

Let k G (0,(3) {f3 is defined by (11.11) ). Consider on the space a sesquilinear 
form 

[x,y]5c = 

(T^/^a;2, T^/^j/2) + k{DiX2,y2)~is - k^{x2,y2) + {xi + kx2,yi + ^2/2), 

x = {xi,X2)^, y = (yi,2/2)^ G Jf. 



Obviously, [x, y] = [y, x] and 

[x,x]m = 11x211? + fc(£'ia;2,a;2)-i,i + Ha^if + 2kRe{xi,X2)- 
Since (Dia;, a;)-i,i = Re(Z3x, x)_i.i > and 

2|Re(a;i,a;2)| <2|(xi,X2)| <2||xi|| -11x211 < + /?||a:2 f , 
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then 



[x,x]m > \\x2\\i + k[{Dix,x)^i^i - /3\\x2r] + ( 1- ^ ) lla^ilr > 



InequatlitiesS \{Dix,x)-i,i\ < ||-Dix||_i • ||a;||i < HDiH • \\x\\l and \\x\\l > ao||a;||2 
imply 



[x,x]^ < (l + k\\D,\\) \\X2\\1 + kl3\\x2f + (l + ^) ll^ill 



k 



1 - - I ||x||^ < [x,x]jf < const ||x||^ 



Thus, 

k' 
P. 

and [■, -Jjt is a scalar product on "K, which is topologically equivalent to the given 
one. Denote |x|^ ~ [x.xJ'h. 

Theorem 2.2. Let the assumptions (A) and (B) hold and for some k € (0,/3) and 
m e (0, 1] 

= .eStU. W - 

Then the operator A is a generator of a Co-semigroup 7{t) — exp{iA} {t > 0) and 

< const • exp(—</c6') 

where 

UJl 1 — TO 1 
2 LJ2 ) 

an^ 

||x||^ + fcPix,x)_i,i + fc^||xf 

[Z.^j L02 — sup j— "2 

xeHi,x^O \\x\\i 
Proof. For x = {xi,X2)'^ G -D(A) let us consider a quadric form 

[Ax, x]m = {T^/^xi,T^/^X2) + k{DiXi,X2)-i,i - k\xi,X2) + 
{—Dxi — Ax2 + kxi, xi + kx2) — 
(Ta;i,X2)-i,i + k{DiXi,X2)-i,i - {Dxi,xi)^i,i 
- (Ax2,a;i)_i,i + k{xi,xi) - k{Dxi,X2)-i,i - k{Ax2,X2)~i,i = 
- (Z3xi,xi)_i,i + k{xi,xi) - k{Ax2,X2)-i,i - ik{D2Xi, X2)^i,i + 

{Txi,X2)-i,i - (Ta;2,xi)_i^i - i{Sx2,xi)-i^i 



^ll-Dill is a norm of operator Di £j{Hi, H-i), i.e. || = sup^g^f^ ,^_^q 
^Obviously, uj2 < I + k\\Di\\ + fc^/ao 



6 NIKITA ARTAMONOV 

We used decompositions A = T + iS and D = Di + iD2- Consequently, 
Re[Ax,x]jt = -(Dia;i,xi)_i,i + k{xi,xi) - k{Tx2,X2)-i,i~ 
Re(^ik{D2Xi,X2)-i,i + i(^a;2, a;i)-i,i 



(L»ia;i,a;i)_i,i + fc||a;if - fc||a;2||?- 

Im (^{Sxi,X2)-i,i - k{D2Xi,X2)^ 



and 



-iRe[Ax,x]M = ^{DiXi,xi)-i,i-\\xif + \\x2\\i + Im((^S - D2 ] xi,X2 



Since 



- D2] Xi,X2 



-1,1 



< 



^3-02] XI 



1 

4m 



|a^2||i < 



ls-D2]xi 



+ "^l|a;2|l?, 



then 



^Re[Ax,x]M > y{DiXi,xi)^i^i - ||a;if - 

K k 4m 



^S^D2]xi 



+ 



il-m)\\x2\\l>u;^\\x,r + il-m)\\x2\\l. 

Further, an inequality 

2fc|Re(xi,X2)l < 2\ixi,kx2)\ < 2\\xi\\ ■ \\kx2\\ < H^i f + fc^n^^f 

implies 

(2.5) [x,x]k <2||a;if + ||x2||? + A:(Z?iX2,a:2)-i,i + A:2||a;2f <2||a;if +W2||a;2||?. 
Thus 

^iRc[Ax,x]M > wi||.Tif + (1 - m)||a;2||? > e{2\\xi\\^ + iU2\\x2\\l) > ^[x,x]jt 

and an operator (—A — kOI) is accretive. Moreover, the operator (—A — kdl) is 
m-accretive (since G p(A)) ancH 

p{-A-k0I) c {A G C, Re A < 0} ^ p{-A) D {A G C, ReA < k9}. 

Therefore, the operator A is a generator of a Co-semigroup |4l|5] 7{t) = expjiA}, 
t > and 

\7(t)\^ <exp{-ket), t>0. 
On the space norms Ixjjf and ||x||5£ are equivalent and the inequality 

||'J'(i)||_„ < const-exp(-fc0i), t>0 
holds for some positive constant. □ 



■^Obviously, the operator (—A) is m-accretive as well. 
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Corollary 2.3. Under the conditions of the theorem \2.2\ for all xq — {ui,uo) e 
2) (A) vector-function 

'wity 



x(i) 



uit) 



- T(t)xo e D(A) 



satisfies the first order differential equation (|2.2p . u(t) satisfies the second-order 
differential equation (j2.ip with the initial conditions (10.21) and an inequality 

\\u{t)\\l + \\u'{t)\\^ < const •exp{-2fc0i}(l|uo||? + ||uif 

holds for all t > 0. 

Consider now a more strong assumption on the operator D: 
(C) D e J:{Hi,H-i) and 

Ke{Dx, x)-i^i 



6 — inf 



> 0. 



It is easy to show that the assumption (C) imphes (B) and /3 > aaS. 

By ||5|| and II-D2II denote norms of the bounded operators S G L{Hi,H-i) and 
D2 e Z{Hi,H^i). Then for ah x e Hi 

||^a;||_i<||^||.||x||i, \\D,x\U<\m\-\\xh 

Theorem 2.4. Let the assumptions (A) and (C) are fulfilled and for some k S 
(0, P) and some p,q > with p -\- q < 1 



1 



\S\?- 



1 



> 1 



^ k Apk-^ 

Then the operator A is a generator of a Co-semigroup 'J(t) — exp{iA} {t > 0) and 

< const • exp(-<A;6'') 

where 

l-p-q 



UJ2 



> 



and UJ2 is defined by (|2.4p . 

Proof. Consider on Hilbert space 'K = H x Hi the scalar product [x,y]5f. Then 
- ■^Re[Ax,x]M = i(L>ia;i,xi)_i,i - ||a;if + ||a;2||i+ 

i Im(S'a;i, a;2)-i,i - Im(L»2a;i, a;2)-i,i 

(see the proof of the theorem 12. 2p . Since 

|Im(D2a:i,a;2)-i,i| < \iD2X1, X2)-is\ < \\D2Xi\\-i ■ \\x2\\i < 

j^\\D2Xi\\li + q\\x2\\j < ^p2f • WxiWl + q\\x2\\j 



i|Im(;§Xi,X2)_i,i| < \{^Sxi,X2)-i.i\ < 



ySxi 

k 



1 

4p 



1q 



-p\\^2\\i< 



Apk- 



\^2\\l < 
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and taking into account (Dix, x)-i^i > S\\x\\l and > ao||a;|p we obtain 
- iRe[Ax,x]M > i(L>ia;i,a;i)_i.i - ||.Tif- 



2 



'6 WSP 



■\\xi\\l~^^-\\x,\\l + il-p-q)\\x,\\l> 

\\xi\\i - \\xi\\^ + (1 - p - q)\\x2\\l > 



\ k Apk? Aq 

{uj[-l)\\x,r + {l-p-q)\\x2\\l 

Using (|2.5p we finally have 

-iRe[Ax,x]M > 0'[x,x]m. 

Thus an operator (—A — kO' I) in m-accretive (since £ /o(A)) and 

p(-A) D {A e C, ReA < kO']. 

Therefore, the operator A is a generator of a Co-semigroup [U [5] 7{t) — exp{i A} 
{t > 0) and 

\7{t)\^<ex:p{-ke't), t > 0. 
Since the norms |x|j£ and ||x|jj£ are equivalent then we have an inequality 

< const •exp(-fc6l'i), t>0 
for some positive constant. □ 



Corollary 2.5. Under the conditions of the theorem \2.4\ for all Xq ~ (ui,uo) E 
2)(A) a vector-valued function 



satisfies the first order differential equation \2.2\ . u(t) satisfies the second-order 
differential equation ()2.ip with an initial conditions (|0.2p and the inequality 

\\u{t)\\l + \\u'{t)\\^ < const •exp{-2fc0't}(||uo II? + H^if) 

holds for all t > 0. 

3. Related spectral problem 
Let us consider a quadric pencil associated with the differential equation (jO.ip 
L{\) = X^I + XD + A AeC. 
Since D : Hi — > H^i it is more naturally to consider an extension of pencil 

L(A) ^ X^I + \D + A 
mapping Hi to Moreover, L(A) G L{Hi, H^i) for all A G C. 

Definition 3.1. The resolvent set of the pencil L{X) is defined as 

p(i) = {AGC : 3L-\X) eL{H_i,Hi)} 
The spectrum of the pencil is (j{L) — C\p{L). 
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In [U [16] it was proved that a{L) = o-(A) and for A ^ 

V L-^iX)A -\L-\\)) 
This resuh allows to obtain a localization of the pencil's spectrum in a half-plane. 

Proposition 3.2. 1. Under the conditions of the theorem \2.2\ the spectrum of the 
pencil L(X) belongs to a half-plane 

a{L) C {Re < -kO}. 

2. Under the conditions of the theorem \2.4\ the spectrum of the pencil L(X) belongs 
to a half-plane 

cr(L) C {Re < ~ke'}. 

Acknowledgement: the author thanks Prof. Carsten Trunk for fruitful discus- 
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